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The progress achieved during the last decade in CFT is a result of a successful appli-
cations of the representation theory of infinite dimensional algebras to physics problems
[1], [2], [3]. In the class of CFT where one can speak about classical theory, representa-
tion theory arises via geometric quantization of classical phase space. For compact WZW
model this is probably best understood and it turned out that classical phase space for
chiral part of the theory can be viewed as the space of mappings of the segment to the
group [4], [5], [6], [7], [8]. In this language the group element becomes the simplest chiral
vertex operator after quantization. The existence of Darboux variables on phase space
leads to free field representation for vertex operators and symmetry algebra itself [9],[10]
and this could be viewed as classical explanation of Feigin-Fuchs-Dotsenko-Fateev integral
representation for conformal blocks. The latter practically is the most powerful technical
way of constructing the correlation functions in Rational CFT.
There are serious indications in the favor of existence of the analogous structure in
the massive integrable theories (for latest developments see [11], [12], [13], [14], [15]). F.
Smirnov [11] have pointed out that the equations for form-factors in the SU(2) Thirring
model [16], [17] coincides with the quantum Knizhnik-Zamolodchikov equation. I. Frenkel
and N. Reshetikhin had investigated in details the mathematical aspects of quantum
Knizhnik-Zamolodchikov equation and it’s relation to Smirnov’s type of form-factors.
Moreover, in the recent papers from Kyoto school [13],[14][15], the anti-ferroelectric XXZ-
Hamiltonian was diagonalized in the thermodynamic limit using the representation theory
of quantum affine algebra Uq(ŝl(2)) .
In this paper, we address the question that naturally emerges from the above discus-
sion: could integrable massive theories be formulated in a similar fashion as the CFT?
This question seems very complicated, so we should first consider the classical case.
1. Let us recall a few facts about classical phase space of chiral WZW model
[4],[5],[6],[7],[8]. Consider the group of mappings of interval [0, 2π] into the finite dimen-
sional Lie group SL(2) with elements g(σ), σ ∈ [0, 2π]. The algebra of functions on this
manifold has natural Poisson structure, which can be described in the following way.1 We
denote the Cartan-Weyl basis of generators of the Lie algebra sl(2) as E+, H, E− . Then
the Poisson brackets for matrix elements g(σ) have the form
{g(σ) ⊗, g(σ′)} = (r+Θ(σ − σ′) + r−Θ(σ′ − σ))g(σ)⊗g(σ′), (1)
1 We prefare to speak about Poisson structure instead of symplectic one.
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where
r± = ±h(H⊗H
2
+ E±⊗E∓) (2)
and
Θ(σ) =
{
1, σ > 0
0, σ < 0.
This structure induces linear bracket for currents J(σ) = −2pih g−1(σ)∂σg(σ):
1
2π
{Ja(σ), Jb(σ′)} = fabcJc(σ)δ(σ − σ′)− 2π
h
δabδ′(σ − σ′). (3)
In CFT the natural boundary conditions for currents are periodical ones. So one can
decompose the currents in Fourier series
Ja(σ) =
+∞∑
−∞
Ja−ne
inσ ,
then the commutation relations for generators Jan will have the form
{Jan , Jbm} = fabcJcn+m +
2iπ
h
nδabδn,−m. (4)
After quantization relation (1) transforms to
g(σ)⊗ g(σ′) = g(σ′)⊗ g(σ)R, σ > σ′; (5)
where R is the universal quantum R-matrix for Uq(sl(2)) [18] and (4) becomes the com-
mutation relations for affine Lie algebra. Let us note that the matrix elements of quantum
field g(σ) are the vertex operators. It is known that the Darboux variables for Poisson
structure (1) are classical analog of Wakimoto free fields. More precisely, in the Gauss
parameterization
g(σ) =
(
1 0
ψ 1
)(
eφ/
√
2 0
0 e−φ/
√
2
)(
1 γ
0 1
)
, (6)
ψ(σ) =
∫ 2pi
σ
dµβ(µ)e−
√
2φ(µ)
the Poisson structure (1) is canonical
{φ(σ), φ(σ′)} = h
2
ǫ(σ − σ′),
{γ(σ), β(σ′)} = hδ(σ − σ′),
{φ(σ), γ(σ′)} = {φ(σ), β(σ′)} =
= {γ(σ), γ(σ′)} = {β(σ), β(σ′)} = 0,
(7)
2
where ǫ(σ) = Θ(σ)−Θ(−σ). One can check that the function ∫ 2pi
0
dµβ(µ)e−
√
2φ commutes
with whole current algebra; this object after quantization is the screening operator in
Feigin-Fuchs-Dotsenko-Fateev integral representation for correlation functions.
This is the classical picture which is the underline of the present technique in CFT;
although the main technical results could be obtained in different fashion (and in many
cases they were) we think this interpretation deserves attention.
2. In this letter the natural, from our point of view, generalization of the picture de-
scribed above, will be suggested. This construction is based on Darboux variables emerging
from Gauss decomposition.
Let us consider the group with elements being the mappings Z(θ) ∈ SL(2). Keeping
in mind the applications of this construction for massive integrable models of field theory
[11], [12], [13], [14], [15], we will consider the parameter θ as the rapidity, so the whole
line is a natural range of its variation. One should note this important difference with the
conformal case. The group element Z(θ), as g(σ), admits the Gauss decomposition (6).
We will preserve the notation (6) for the components of Z(θ), but will consider a more
general form for function ψ:
Z(θ) =
(
eφ/
√
2 γeφ/
√
2
ψeφ/
√
2 e−φ/
√
2 + eφ/
√
2γψ
)
,
ψ(θ) =
∫ +∞
−∞
dθ′β(θ′)e−
√
2φ(θ′)h(θ′ − θ), (8)
where kernel h(θ) is a numerical function. Moreover, we admit more general form for
Poisson structure for φ, keeping others β, γ the same as in (7):
{φ(θ), φ(θ′)} = h
2
ρ(θ − θ′),
{γ(θ), β(θ′)} = hδ(θ − θ′),
{φ(θ), γ(θ′)} = {φ(θ), β(θ′)} =
= {γ(θ), γ(θ′)} = {β(θ), β(θ′)} = 0,
(9)
here ρ(θ) should be an odd function
ρ(θ) = −ρ(−θ). (10)
From the requirement that matrix elements of Z(θ) form quadratic Poisson algebra
under (9) we immediately obtain two functional equations:
3
ρ(θ)h(θ′) = 2h(θ′ − θ)h(θ)− ρ(θ′ − θ)h(θ′), (11)
ρ(µ− µ′)[h(µ− θ)h(µ′ − θ′)− h(µ− θ′)h(µ′ − θ)] =
= ρ(θ − θ′)[h(µ− θ)h(µ′ − θ′) + h(µ′ − θ)h(µ− θ′)]−
− 2h(θ − θ′)h(µ− θ)h(µ′ − θ) + 2h(θ′ − θ)h(µ− θ′)h(µ′ − θ′).
(12)
At the same time one could check that the Poisson algebra for matrix Z(θ) should
have the form :
{Z(θ) ⊗, Z(θ′)} = r(θ − θ′)Z(θ)⊗ Z(θ′), (13)
where
r(θ) = h[
ρ(θ)
2
H ⊗H + h(θ)E+ ⊗ E− − h(−θ)E− ⊗E+]. (14)
One must note that the first equation (11), is nothing more but classical Yang-Baxter
equation for r-matrix (14), which is equivalent to Jacobi identity for Poisson structure
(13). The nature of the second identity (12), seems to be less clear.
The systems of functional equations (11),(12) admits three type of solutions 2:
i. constant solution
ρ(θ) = ǫ(θ), h(θ) = Θ(θ); (15)
ii. rational solution
ρ(θ) = 2h(θ) = V.P.
1
θ
; (16)
iii. trigonometric solution
ρ(θ) = V.P.coth(κθ),
h(θ) = V.P.
1
1− exp(−2κθ) ;
(17)
where κ is an arbitrary parameter and we denote by V.P. the principal value.
All of this solution are well known in theory of classical Yang-Baxter equation [19].
The trigonometric solution is the most general one; the constant and rational solutions
could be obtained from it in the limits κ −→ +∞ and h, κ −→ 0; hκ −→ const respectively.
Also, for the limit κ −→ ∞ Z(θ) obeys the same algebra as g(σ), ψ from (8) has the
2 up to equivalence which in terms of r(θ) translates as
r(θ − θ′) −→ Ω(θ)⊗ Ω(θ′)r(θ − θ′)Ω(θ)−1 ⊗ Ω(θ′)−1,Ω(θ) = exp(ξHθ),
where ξ is constant number.
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form (6) and the Poisson structure (9) tends to (7). Thus, bellow we’ll consider only
trigonometric solution.
We will define the currents in the spirit of the work [11]. In fact two type of currents
could be defined:
L(θ) = Z(θ +
1
κ
)Z−1(θ), (18)
L′(θ) = Z−1(θ)Z(θ +
1
κ
). (19)
It is simple to check that in the limit κ −→ +∞ the currents L′(θ) can be written in the
form L′(θ) = 1− 2pihκJ(θ) +O( 1κ2 ), where
− 2π
h
J3 = ∂θφ+
√
2βγ,
− 2π
h
J− = −β,
− 2π
h
J+ = βγ
2 +
√
2γ∂θφ+ ∂θγ
(20)
and the Poisson brackets for variables γ, β, φ are defined by (7). One can recognize in (20)
the classical limit of the Wakimoto representation for currents, so currents in (20) satisfy
the Poisson algebra (3).
The currents L(θ) from (18) form the quadratic algebra :
{L(θ) ⊗, L(θ′)} = r(θ − θ′)L(θ)⊗L(θ′) + L(θ)⊗L(θ′)r(θ − θ′)
− L(θ)⊗1r(θ − θ′ − 1
κ
)1⊗L(θ′)− 1⊗L(θ′)r(θ − θ′ + 1
κ
)L(θ)⊗1,
(21)
the latter is the algebra defined by Reshetikhin-Semenov-Tian-Shansky [20]. They had
shown in [20] that (21) is the classical limit of quantum affine algebra Uq(ŝl(2)) [18]. The
limiting procedure κ −→∞ ,when Z −→ g differs from one described in [20] for L(θ). The
procedure of [20] requires the replacement κ −→ iκ in (18)and (21). We must note that
there are difficulties in this analytical continuation of our expression for Z(θ), because of
the presence of principal value in its definition ( see (8),(9),(17)).
Allowed boundary conditions for the fields L(θ), as well as natural expansion for them,
are those that are consistent with the kernel (17) and Poisson structure (9). From the other
side what are natural boundary conditions from the point of view of massive Field Theory
for Z(θ) and L(θ) is not clear at all. It seems to be related to the question of analytical
properties, mentioned above. This is important to understand for further progress. We
hope that the free field representation may help to make it clear.
5
At the end, let us recall that the quantum operators Z(θ) in massive integrable theories
have a meaning of creation operators for asymptotic states, i.e. some kind of Faddeev-
Zamolodchikov operators. One would like to have the proper quantum analog of the
free field representation for Z(θ) which will allow to construct integral representation for
correlation functions in integrable models.
Note added. When this work was finished we received the papers [21], [22], where
the free field representation of Uq(ŝl(2)) in different approach was developed. It would be
interesting to understand the relation of these two pictures that looks very different at this
moment.
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